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Let S^ denote the set of N -vector-valued functions of t defined, on [0, <x> ) 
such that for any real positive number y, the square of the modulus of each 
component of any element is integrable on [0, y], and let £2^(0, °°) de- 
note the subset of £, v with the property that the square of the modulus of each 
component of any element is integrable on [0, °° ) . 

/// the study of nonlinear physical systems, attention is frequently focused 
on the properties of one of the following two types of functional equations 

g = f + KQ/ 

g = K/ + Qf 

in which. K and Q are causal operators, with K linear and Q nonlinear, 
g c S.v , and f is a solution belonging to S. v . Typically, f represents the 
system response and g takes into account both the independent energy 
sources and the initial conditions at I = 0. 

It is often important to determine conditions under which a physical 
system governed by one af the above equations is stable in the sense that the 
response to an arbitrary set of initial conditions approaches zero (i.e., the 
zero vector) as t — » w. In a great many cases of this type, g belongs to 
£ 2N (0, <x> ) and approaches zero as t — * oo for all initial conditions, and, in 
addition, it is possible to show that if f c £,2n{0, °° ), then f(t) — * as t — » » . 

In this paper we attack the stability problem by deriving conditions under 
which g e £,% N (0, » ) and f v £> N imply that f e £-> N (0, <» ). From an engi- 
neering viewpoint , the assumption that f e S,v is almost invariably a trivial re- 
striction. 

As a specific application of the results, we consider a nonlinear integral 
equation that governs the behavior of a general control system containing 
linear time-invariant elements and an arbitrary finite number of time- 
varying nonlinear elements. Conditions are presented under which every 
solution of this equation belonging to ?, N in fact belongs to <£;>\r(0, «> ) and 
approaches zero as t — * cc . 

15S1 
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I. NOTATION AND DEFINITIONS 

Let M denote an arbitrary matrix. We shall denote by M', M*, and 
M~ l , respectively, the transpose, the complex-conjugate transpose, and 
the inverse of M. The positive square-root of the largest eigenvalue of 
M*M is denoted by A{M}. 

The set of complex measurable ^/-vector-valued functions of the real 
variable t defined on [0,oo )[(- oo,oo )] is denoted by 3C N (0,«> )[3C N 
(—oo,oo)], and 



£ aw (0, 00) -j/|/£3Cr(0, 00), I ffdt< 

In order to be consistent with standard notation, we let £ 2 (0,co ) = 
£2iv(0,°o) when N — 1. We shall not distinguish between elements of 
3Cv(0,«>)[3Cjv(- oo, «>)] that agree almost everywhere on [0, =o) 
[(— oo,oo )]. The range of any operator considered in this article is as- 
sumed to be contained in either 5Q. N (0, «) or 36* (— <*>,*>). 

The inner product of two elements of £ 2 jv(0, oo ) , / = (/ x , / 2 , • • • , fir)' 
and g = (gi , g 2 , ■ ■ ■ , g»Y, is denoted by (f,g) and is defined by 

</, 9) = f f*9 dt 

Jo 

The norm of / e £ 2 *(0, » ) is denoted by || / || and is defined by 

11/11 =</,/> 5 - 

The norm of a linear operator T defined on £ 2N (0,<x>) is denoted by 

l|T||. 
Let y e (0, » ), and define /„ by 

/,(*) =/W fori £[0,2/] 

= for t > y 

for any / £ 3Cjv(0, » ), and let 

g„ = {/|/c3C w (0,oo), f y e£ 2N (0,cc) forO <?/<«). 

The set of real vector-valued functions is denoted by (R, and I and 
l N , respectively, denote the identity operator on £ 2 w(0,<») and the 
identity matrix of order iV\ 

With A an arbitrary measurable N X N matrix-valued function of t 
with elements {a nm \ defined on [0,«>), let 3Z pN (p = 1,2) denote 

I f | a nm (l) \ P dt < * («, m = 1, 2, ■ • • , N)\ . 
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Let \f/[f(t),t] denote 

Mfi(t)A HMt),t], • • ■ , t»UAt),l]y, / e (R fl 30^(0,00) 

where fi(w,t), 4">(w,t), ••• , \f/ x (iv,t) are real-valued functions of the 
real variables w and * for — x < 10 < x and ^ / < x such that 
0") ^„(0,/) = for t e [0,») and n = 1, 2, • • • , iV 
(m) there exist real numbers a and /3 with the property that 

»S^^ («=1,2,..., W ) 

for / f [0, =0 ) and all real w ^ 0. 

(to) ^„Iw(/),^](/i = 1, 2, • • • , N) is a measurable function of / when- 
ever w(t) is measurable. 

The symbol s denotes a scalar complex variable with a = Rc[s] and 
u> = Im[,s]. 

We shall say that a (not necessarily linear) operator T with domain 
SD(T) C 3Cat(0, 30 ) is causal if an only if for an arbitrary 8 > 0, 

(T/)(0 - (Tg)(t) a.e. on (0,5) 

whenever f,g e D(T) and/(/) = g(t) a.e. on (0,5). 

II. INTRODUCTION 

In the study of nonlinear physical systems, attention is frequently 
focused on the properties of one of the following two types of functional 
equations 

g=f + KQf (1) 

g = K/ + Qf (2) 

in which K and Q are causal operators, with K linear and Q nonlinear, 
g € S.v , and / is a solution belonging to £. v . Typically, / represents 
the system response and g takes into account both the independent 
energy sources and the initial conditions at t «= 0. 

It is often important to determine conditions under which a physical 
system governed by one of the above equations is stable in the sense 
that the response to an arbitrary set of initial conditions approaches 
zero (i.e., the zero vector) as / — » x . In a great many cases of this type, 
g belongs to £«y(0, «>) and approaches zero as / — » x for all initial 
conditions, and, in addition, it is possible to show that if f e £ 2 jv(0, »), 
then f(t) — > as I — > x . 
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In this paper we attack the stability problem by deriving conditions 
under which g e £ 2 *(0, « ) and f e & N imply that / £ £ 2N (0, =o ). From an 
engineering viewpoint, the assumption that / e & N is almost invariably a 
trivial restriction. 

As a specific application of the abstract results of Section III, we con- 
sider, in Section IV, the following integral equation which governs the 
behavior of a general control system containing linear time-invariant 
elements and an arbitrary finite number of time-varying nonlinear 
elements : 

g (t) = f(t) + f k(t- t)+IJ(t), t] dr, t^O (3) 

Jo 

in which k £ 3Z 1N 3C 2A r , f[ ■ , • ] is as defined in Section I, and g e £ 2 /v(0, *> ) . 
We prove that every solution/ of (3) belonging to (R D 8* in fact belongs 
to £ 2 jv(0,°°) and approaches zero as t — » °o if, with 

K(s) = ( Ut)e~" dt for a ^ 0, 

Jo 

(i) det [1 H + §(<* + P)K(s)] * for a ^ 
(ii) |(/S - a) sup A{[ljr + |(« + P)K(iw)] l K(ia)) < 1. 

An analogous result is proved for the integral equation 

g(t) = *[/(«), t]+ t k{t - r)/(r) dr, t ^ 0. 

Jo 

For N = 1, the key condition (ii) possesses a simple geometric interpre- 
tation: it is satisfied if and only if the locus of [K(t'w)] -1 for - » < 
o < oo lies outside the circle of radius |(j8 — a) centered in the complex 

plane at [-£(« + j8),0].t 

In Section V we consider two direct applications to nonlinear differ- 
ential equations. One of our results asserts that if / is any real- valued 
function of t defined and twice-differentiable on [0, «d ) such that 

for almost all t e [0,«>), where g e (R ("I £2(0,00 ), fl v ] is as defined in 
Section I with N = 1 and a > 0, and a is a real constant such that 
a > V/3 - Va, then / e £ 2 (0, » ) and f(t) -* as t -* » . 

t For some earlier results concerned with frequency-domain conditions for the 
stability of nonlinear or time-varying systems, see Refs. 1-4. 
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III. KEY RESULTS 

Assumption 1: It is assumed throughout that 

(i) K is a linear causal operator with domain £)(K) such that 
£ 2 ,v(0,«>) cz SD(K) cz ac^CO,*) 

(ii) K maps £ 2A r(0,co) into itself, and is bounded on £ 2A r(0,<» ) 
(Hi) Q is a (not necessarily linear) causal operator with domain 
SD(Q) C 3Cat(0,oo). 
£,. The following two theorems are the key results of the paper. 

Theorem 1: Lelfe SD(Q) PI & N such that Qfe 3>(K) f\ & N , KQ/ e Z N , and 

g = f + KQ/, where g £ £ 2 n(0, <x> ). Let f not be the zero-element of 8 N , 
and let y = inf [y\y > 0, ||/„ || ^ Oj. 

Suppose that (/„ , < y < <*>j (Z £)(Q) and that there exists a real or 
complex number x such that 

(i) on £-2 N (0, oo ), (I + .tK)~ exists and is causal 

(ii) || (I + xKy'K || sup l|(Q/ " | ) " ~ x/y|1 < 1. 

V>Vo II Ju II 

Then f c £ 2A r(0, <» ) and 

H/ll ^ (1 - r)- 1 II (I + xK)- l g ||, 
m which 

-l-n- II ..._ II (Q/v)v - 3/w II 



r = || (I + &K) 'K || sup 

I/>I/0 || Ji/ II 

Theorem 2: Let / £ SD(Q) fl 2D(K) fl £„ swc/i tfca/ K/ f S* , Q/ £ & N , and 

g = K/ + Q/ 

w/iere o e £ 2 jv(0,=c ). Le< / not be the zero-element of & N , and let 7/0 = 
inf{y\y > 0, ||/J| 5*0}. 

Suppose that \f y ,0 < y < » j C 30(Q) and that there exists a real or 
complex number x siich that 

(i) on £ 2 jv(0,oo ), (xl + K) _1 exists and is causal 

(U) 11 (si + k)- 1 11 sup i! (Q/ ; } " z xfv " < 1. 

v>vo II J« II 

Thenf££ 2f f(0,^) and 

11/11 £ (i - q)' 1 II (*i + K)- 1 ^ ||, 

in which 

q = || (si + K)" 1 || sup ll(Q/ ; )K f T* /lJ - 
y>i/o II Ji/ II 
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3. l Proof of Theorem t 

It is convenient to introduce the operator P denned on 3C W (0,<» ) by 
P/ = fu > where y is an arbitrary real positive number. 
From g = /+ KQ/, we clearly have 

g, = U + PKQ/. 

Since K is causal, 

g u = /, + PKPQ/. 

Similarly, since Q is causal, 

g y = f u + PKPQP/ 
-/, + EKPQfc. 
Thus, 

ft, = P(I + :<-K)/„ + PKP(Q - afl/, . 
Since on £ 2JV (0,co), (I + xK.)' 1 exists and is causal, 
P(I + .fK)-'P(I + xK)f y =fy, 
and hence, 

/„ = -P(I + .rK)-PKP(Q - xt)f y + P(I + a-K)"V„ . 
It follows that 

|| /„ || ^ || P(I + xK)" 1 PK H-ll PQ/„ - xf tt || + || P(I + xTQ- l g y ||. 
Moreover, in view of the causality of (I + .tK) , 

P(I + xK)" 1 PK = P(I + xK)~% 
and hence, using the fact that P is a projection on £ 2 at(0, oo), 

|| P(I + a-K)-PK || £ || (I + .rK)-K ||. 
Similarly, 

|| P(I + xJLT'gy || S || (I + xK)- l g ||. 
Thus, with r as defined in the statement of the theorem, 
|| /J £r||/J| + ||(I + sKrVll 
or 

|| A || ^ (l-r)- 1 ||(I + .TK)-Vl|. 
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Since this inequality is valid for arbitrary positive y, it follows that 
f £ £ 2 n(0,co) and 

11/ II £ (1 -r) _1 |! (I + xK)~ l g ||. 

3.2 Proof of Theorem 2 

The argument is essentially the same as the one used in the proof of 
Theorem 1. 

We have, with P as denned in the proof of Theorem 1, 

g v = PK/ + PQ.f 

- PKP/ + PQP/ - PKA + PQ/„ 

= P(xl + K)f u + P(Q - xt)f v . 

Using the fact that on =e 2jV (0, co ), (xl + K) _l exists and is causal 

/, = -P(.rl + K)-'P(Q - xl)f y + P(.rl + K)"'fc . 
Thus, with q as defined in the statement of the theorem, 

II A II £ a 11/, II + IKrf + KrVII, 

or 

II A II ^ (1 -<?)"' II (xI + K)- 1 * ||. 
This inequality is valid for arbitrary positive y. Hence/ £ £2jv(0, °o ) and 

H/ll ^ (1 - q)- 1 || (*I + K)~V ||. 

Remark: A moment's reflection concerning the proofs of Theorems 1 and 2 
will show that by simply reinterpreting the symbols, analogous results 
can be obtained for other function spaces. 

3.3 Conditions under Which the Hypotheses of Theorems 1 or 2 Con- 
cerning x Arc Satisfied 

The following theorem asserts that the hypotheses of Theorems 1 or 
2 concerning x arc satisfied in certain special but very important cases. 
The implications of the theorem are of direct interest in the theory of 
passive nonlinear electrical networks. 

Theorem 8: Let f be as defined in Theorem 1 [Theorem 2]. Suppose that 

(i) there exist a nonnegative constant A"i and a positive constant k 2 such 
that 

Re (Qf u ,f u ) ^ h || /„ || 2 , || Qf„ || 2 ^ h || fy f for < y < oo 
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(ii) K maps £ 2N (0, *> ) into itself such that there exists a nonnegative 
constant c with the property that 

Re (Kh,h) ^ c || ft || 2 

for all h c £ 2 at(0,co). 

Then the hypotheses concerning x of Theorem 1 [Theorem 2] are satisfied 
if cither: 

/>i > and c ^ 0, 

or 

hi = and c > 0. 

3.4 Proof of Theorem 3 

Lemmas 1, 2, and 3 (below) imply that for real positive x the oper- 
ators (I + xK) and (.rl + K) possess causal inverses on £ 2 jv(0, <x> ) and 



1 2 



II (X + rK)- l K II 2 < 2(|jKH-c) + .x||K 
|| (I + xK) K || ^ x{l +YfK ||)» 

With x real and positive, 

ii (of,), - .<•/, ir ^ ii q/» - •'/, ir 

^ IIQ/JI 2 - 2. C Re<Q/„,/, / > + * 2 ||/, / || 2 
^ (h - 2xk 1 + x 2 ) || /„|| 2 . 

It is a simple matter to verify that if (A-i + c) > 0, there exist positive 
values of x such that 

.t(1 + x || K ||) 2 
and there exist positive values of x such that 

fa - 2xh + x- 

x(x + 2c) 

Hence, it remains to prove Lemmas 1, 2, and 3. 

Lemma 1: Let T be a bounded linear mapping of £ 2N {0, *>) info itee// 
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such that there exists a constant C\ > — 1 with the property that 

Re(VJ) ^ Cl ||/|| 2 

for all f r £ 2 jv(0, « ). Then ( I + T) possesses an inverse on £ 2 jv(0, °o ). 
Proof: 

Since Ci > —1, it is evident that there exists a positive constant k\ 
such that 

Re((I + T)/,/) ^ fcxH/ll 2 

for all/f £ 2 jv(0, °° )• This, together with the boundedness of T, implies 
that (I + T) _I exists (see Ref. 5, for example). 

Lemma 2: Let T be an invertible bounded linear mapping of £ 2A r(0, oo ) into 
itself such that T is causal and Re (Thji) ^ for all h e £ 2iV (0, °o ). Then 
T _l is causal. 
Proof: 

A bounded linear mapping A of £ 2 ,v(0, oo ) into itself is causal if and 
only if 6 



Re f (Af)*fdt ^ - || A || fff 
Jo Jo 



<// 



for all real y ^ and all / e £ 2A r(0,oo). Thus, to prove the lemma it 
suffices to point out that the causality of T implies that 

Re f (Tg)*gdt = Tte(£g v ,g y ) ^ 0, 

Jo 
for all real y ^ and all g c £ 2jV (0, oo ), and hence that 

Re f h*T~ l h dt ^ 
Jo 

for all real y ^ and all h c £ 2lV (0, oo ). 

Lemma 3:f Let T be a bounded linear mapping of £ 2 . v (0, oo ) into itself such 
that (I + T) is invertible and there exists a real constant c-> with the property 
that 

Re(Tj\f)^c,\\f\\ 2 

for all f e £ 2 at(0, oo ). Then, for Ca ^ — §, 

t Lemmas 1 and 3, and their proofs, remain valid if £>#((), ») is replaced with 
an arbitrary Hilbert space with inner product (•,■) and norm ||-||. 
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|| (I + TT'T || £ [1 - (2c 2 + 1)(1 + II T ID" 2 ] 4 

and, for c 2 > — \, 

|| (I -4- X)- 1 I! ^ (1 + 2c 2 )- j . 

Proof: 

In order to establish the first inequality, let ^ = (I + T) 'T/ and, 
using the fact that g = f - (I + T) -1 /, observe that 

(9,9) = (f,f) - 2 Re (Tz,z) - (z,z), 

where z = (I + T)" 1 /. Since 

2 Re (Tz,z) + <z,2> ^ (2c 2 + 1) || z \f 

and 

ii 2 1) s> iid + T) ir 1 ii/ii ^ d + ii t id- 1 n/ii, 

it follows that 

(9,9) S U - (2c 2 + 1)(1 + || T ||)~ 2 J(/,/) 
for all/, e £ 2 tf(0, °o ) such that g = (I + T) _1 T/. Thus 

|| (I + T)-T || ^ [1 - (2c 2 + 1)(1 + || T ||r 2 j*. 

The second inequality follows directly from the fact that if g = 
(I + T)-/, 

||/ || 2 = || g || 2 + 2 Re (Tg,g) + || Tg f ^ (1 + 2c 2 ) || p || 2 . 

IV. APPLICATIONS TO NONLINEAR INTEGRAL EQUATIONS 

In this section our primary objective is to prove the following two 
theorems. 

Theorem 4-' Let k e Kin and let 

g(t) = fit) + f Ht - rM/(r), r] dr, t^O 

Jo 

where g e £ 2A r(0, » ) and f e (R f\ Z N . Let 

K(s) = f k(t)e~" dt, a ^ 0. 
Jo 

Suppose that 

(i) del [U + h(a + P)K(s)] * Ofor a ^ 
(ii) J(/3 - a) sup A{[ly + J(o + /3)/f(t'w)]" , /i:(ia,)} < 1. 
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Thmfe£s K (0,oo). 

Theorem 5: Let k r 3Ci,v and let 

g(t) = f k(t - t)S(t) dr + *[/(*), t], t ^ 

where g e £ 2N (0, oc ) and/ efltfl S, v . Let 

K(s) = [ k(t)e~" dt, a ^ 0. 

Suppose that 

(i) del [i(a + 0)1* + A'(»] ^ /or <r ^ 
(it) |(0 - a) sup A{ft(a + 0)1* + /v(^)r'| < 1. 

Thenf££ 2N (0,oc). 

4. l Proof of Theorems 4 and 5 

In Theorems 1 and 2 let Q denote the operator defined by 

(QffKO = <WV). ^ / < x 

where p is an arbitrary element of (R H 3C A (0, =o). This operator maps 
(.ft fl £2jv(0,co) into itself and possesses the property that for any real x 

|| Qh - xh || ^ ij(:r) || A ||, /(. ffRfl £ 2 *(0,« ) 

where 

7j(.r) = max [(.t — a), (0 — a:)]. 

Thus, with K defined on £ 2JV (0, °o ) by 7 

Kh = f kit - t)Ji(t) dr, h e £ 2 *(0, »), 
Jo 

condition (m) of Theorem 1 and the corresponding condition of Theorem 
2, respectively, are satisfied if there exists a real x such that 

|| (I + .rK.r'K || v(x) < 1, 

and 

|| (.rl + K)- 1 || „(x) < 1. 

Lemmas 4 and 5 (below) imply at once that if the assumptions of 
Theorem 4 (Theorem 5) are met, then hypotheses (i) and (it) of Theorem 
1 (Theorem 2) are satisfied with x = h (a + 0) . It can be shown 8 (with the 
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aid of Lemma 4) that this choice of x is optimal in the sense that if there 
exists a real x such that (I + xK.) possesses a causal inverse on £ 2 /v(0, «>) 
and 

|| (I + .rKr'KH 77(0,-) < 1, 

then [I + \{a + /3)K] possesses a causal inverse on £2;v(0, °° ) and 

|| (I + a-K)-K || n (x) £ || II + |(a + ^)K]- ! K || «[*(<> + fi)]. 

This choice of x is similarly optimal with regard to the statement of the 
conditions in Theorem 5. 

Before proceeding to the statement and proofs of the lemmas, it is 
convenient to introduce a few definitions. 

4.2 Definitions 

With r an arbitrary positive constant, let S T denote the mapping of 
■£2jv(0, oo ) into itself defined by 

(S r /)(«) = 0, te[0,r) 

= f(t- r), «e[r,oo) 

for any / e £w (0, »). 
Let 

JBwC-oo, oo ) = j/l/eaCyC-oo, *>),f_J*f dt < °°} ■ 

We take as the definition of the Fourier transform of/ e £ 2 at( — oo , oo ) : 

/ = Li.m. f f(t)e~ iat dt, 

J— co 

and consequently, 

£00 .00 

/*/ dt= I f*f du. 
oo J— co 

By the Fourier transform of an / e £ 2 at(0, oo ) we mean simply 

l.i.m. f f(t)e~ iul dt. 
Jo 

4.3 Lemmas 4 an d 5 

Lemma 4: Let A be an invertible linear mapping of £2^(0, «>) into itself 
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such that for an arbitrary f e £2^(0, co ) 

AS r / = S T A/, r > 0. 

Then A~ is causal. 
Proof: 

Suppose that, on the contrary, A possesses an inverse on £ 2A r(0,oo), 
but that it is not causal. Then there exist elements z, , z 2 e £ 2 a-(0,oo), 
and a 8 > such that z x {t) ^ on some positive-measure subset of 
(0,5), and Azi = S*z 2 . Since A is assumed to possess an inverse, there 
exists a unique z 3 e £ 2jV (0, oo) such that z 2 = Az 3 . Thus, 

AS62;; = SjAz 3 = SsZ-2 . 

Clearly, S s z 3 S t\ , which contradicts the assumption that A possesses an 
inverse. This proves the lemma. 

Lemma 5: Let u e X 1N and let U be the mapping of £ 2JV (0, °o ) into itself 
defined by 

Vf=f ll(t - r)/(r) dr, f e £ 2 „(0, oo ). 

•4) 



Let 



U(s) = f u(t)e~" dt, 
Jo 



^ 0. 



Suppose that del |1 A . + U(s)} ^ for a ^ 0. Then 
(i) (I + U) possesses an inverse on £ 2A r(0, oo ) 

(a) ii (i + ur'u ii g mp A{[ij» + ua^r'uiiw)} 

|| (I + U)" 1 || ^ sup A{[1* + U(ico)]- 1 }. 

Proof: 

Consider first the invertibility of the operator (I + fj) defined on 
£2at(— °°,°°) by 

(1+ U)/ = /+ /" tt(* - r)/(r) dr, f e JBw(- oo, oo ). 

The assumption that u ;• ,TC,. V implies that the elements of C/(iw) 
approach zero as | o> | -» » , and that they are uniformly bounded 
and uniformly continuous for we (-00,00). Thus, det [l w + LT(iw)] 
approaches unity as | co | -» x, and is uniformly continuous for 
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« e ( - oo , oo ). It follows that det [l N + U(ia)] * for all w implies that 
inf | det [1 A - + U(ia)] \ > 0, 

a 

and hence that 

sup A)[l„ + U(iu>)]- 1 \ < co. 

Let g denote the Fourier transform of an arbitrary g e £ 2A ,( - »,«). 
Then, 

f flu + r(tco)r 1 '[iA- + t/(^)rt ^ 

JL.ee 

^ supA 2 {[i JV + [/(to))] -1 ) f g*gd« < °°> 

and hence, by the Riesz-Fischer theorem, there exists an/ e £ 2K ( -<*>,<») 
with Fourier transform 

/ = [ljr + C/(tw)]~ l ff. 

This establishes the existence of (I + U) . 

Since det [U + tf(«)] ^ for a ^ 0, and t/(«) -> as | s | -> « uni- 
formly in the closed right-half plane, every element of \U + U(s)] is 
analytic and uniformly bounded for a > 0. Thus, (I + U)" 1 maps 

|/|/e&jr(-*,»),/(0 = for * < 0) 
into itself, '•'" , and hence the operator (I + U) defined on £ 2 *(0,=c ) pos- 
sesses an inverse. 

To establish the first of the inequalities stated in the lemma, let 

fe £2*(0,») and let 

g = (i + ur'u/. 

Then, with g and /, respectively, the Fourier transforms of g and /, 

- [U + U(i<*)Y l U{'to)}. 
Thus, 

J— CO J— CO 
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^ [ A 2 {[1„+ U(i^)r 1 U(io } )}f*jdco 

J— 00 

^supA 2 {[u+ Woor'ww)} [ ]*fd u , 

u J— 00 

from which, using Plancherel's identity, 

|| 9 || £ sup A{[1* + U{iu)r l U{iu)\ ||/ ||. 

Thus, 

|| (I + U) _1 U || g sup A{[1* + t/(i'a.)] _1 C/(ia))|. 

By simply repeating this argument with (I + U)~'Uand [1* + U(iui)]~ l - 
U(iu>), respectively, replaced with (I + U) - ' and [1^ + U(ia))]~\ we 
find that 

|| (I + UP 1 || ^ sup A{[U + Ufa)]' 1 }. 
This proves the lemma. 

4.4 Remarks 

It can easily be shown that conditions (i) and (it) of Theorems 4 and 
5 are satisfied if a > and 

K(iu) + K(ia)* 

is nonnegative definite for all w. 

A moment's reflection concerning the proof of Theorems 4 and 5 will 
show that those theorems remain valid if $\f(t),t] and/, respectively, are 
replaced with (Qf)(t) and / f S)(Q), with the understanding that 

(a) Q is a causal mapping of a subset SD(Q) of & N into & N such that 
Qh e £-in(0, oo ) whenever h e 2D(Q) H £ 2 a(0,co), and there exist real 
constants a and /? (/3 > a) with the property that 

|| QA - £(« + £.)>' || ^ J(j8 - a) || /i|| 

forall /i£2)(Q) n£ 2iV (0,x). 

(b) ifheS>(Q)AK,0 < y < ooj c©(Q). 

4.5 Conditions under Which f (I) — > as £ — » °o 

Theorem 6: Suppose that the hypotheses of Theorem 4 are satisfied, that 
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q(t) — > as < — > oo , and that k e 3Z 2n . Then /(/) — > as t — » w . 
Proof: 

Observe first that the iV-vector-valued function with values 

is an element of (R fl £ Z jv(0,=o). Thus it suffices to show that if h c 

£ 2 iv(0,co), 

f k(t - r)h(r) (It -> as <-*oo. 
Jo 

In terms of K(iu) and h(ico), respectively, the Fourier transforms of 
k and /t, 

r' 1 f°° 

/ fc(< - r)/l(r) (It = — / A'(tco)/lO'co)e""" rfco. 

Since fc £ 3C 2 jv , it follows that the modulus of each element of the N- 
vector K(ib>)h(iu) is integrable on the w-set (—00,00). Thus, by the Rie- 
mann-Lebesgue lemma 



f k(t - r)h(r) dr-+0 as t 



00 . 



This proves Theorem 6. 

It is obvious that essentially the same argument suffices to prove the 
following corresponding result relating to Theorem 5. 

Theorem 7: Suppose that the hypotheses of Theorem 5 are satisfied, tliat 
g(t) -^0ast-> =0, and that k e X-> N . Then $\f(t),t] — > ast-*x>. 

V. APPLICATIONS TO NONLINEAR DIFFERENTIAL EQUATIONS 

Theorem 8: Let A be an N X N matrix of real constants, let \f/[- ,-] be as 
defined in Section I with a and /3, respectively, replaced with a and js, and 
let f denote a real N -vector -valued function of t defined and differentiable 
on [0, 00 ) such tliat 

f f + Af++[f,t] = g 
dt 

for almost all t e [0, 00 ), where g e (R H £ 2 jv(0, °o ). 
Suppose that 

(i) det [sl N + J(a + $)U + A] * for a ^ 

(ii) i(/3 - a) sup A{[(i«)l* + J(« + 18) 1* + i4] -1 } < 1. 
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Then f e £ 2 n(0, °° ) and f(t) -» as t —> » . 
Proof: 

Clearly, / e (R D E, v . Using the well-known expression for the solution 
of an inhoniogeneous system of linear first-order differential equations 
in terms of the solution of the corresponding matrix homgeneous dif- 
ferential equation, and regarding 

as the "forcing function," we find that / satisfies 

e c + / e g{T)dr 

Jo 

= f (t) + j[ ' 6 Bi '- T) Uf(r), r) - i (d + $)f(r)\ dr 

for If [0, oo ), in which B = J(a + p)\ N + .4, and c is a real constant 
iV-vector. 

In view of (i), the matrix g*~ B< is an element of W. lN C\ K 2 n . By the 
argument used in the proof of Theorem 6, 



/" 



mi ,i 



e 



r «(r) oV — > as / — > co, 



a property which is obviously shared by e "'c. Thus, using the fact that 
-^ (/5 - &) ^ — - ^ g (0 - d) 

(n = 1, 2, • • • , iV) 

for all / £ [0, oo ) and all real w j* 0, the theorem follows from a direct 
application of Theorems 4 and (i [— |(p — a) and ^($ — a), respec- 
tively, play the roles of a and /3 in Theorem 4]. 

5. i Generalization of an Earlier Theorem Concerning a Linear Differential 
Equation with Periodic Coefficients 

Theorem 9: Let $[• , • J be as defined in Section I with N = 1 and a and /S, 
respectively, replaced with a and $. Let f denote a real-valued function of 
t defined and twice-differentiahlc on [0, » ) such that 

/or almost all t e [0, =° ), where g e (R H £ 2 (0, *> ) and a & a rra/ constant. 
Then if a > a?ir/ a > V/3 - Va, / f £ 2 (0, oo ) andf(t) -> as £ — ► » . 
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Proof: 

Proceeding as in the proof of Theorem 8, we find that / satisfies 

h (ft + [ k(t - T)g(r) dr 
Jo 

= f(t)+ f Ht- r){tf/(r),r] - \ {& + $)f(r)) d, 
for t e [0,"»), in which h is a solution of 



* + .* + »(*+«»-* 



and /c f 3Cn 3C 21 with 



7C(s) = f° k(t)e" 1 dt = \s 2 + as + ^(a + $) 



> 0. 



With a = -h(i3 - a) and = f (0 - a), condition (t) of Theorem 
4 is obviously satisfied, while condition (ii) reduces to 

%0 - a) < inf | §(a 4- j§) - » + iow |. 

It is a simple matter to show that this inequality is satisfied if a > 
and a > Vj3 - V&. Hence / e £ 2 (0, » ) . 

Since fc(<) — > as tf — ► « and, by the argument used to prove Theorem 

6, 



t k(t - r)g(r) dr -> as t 
Jo 



Theorem G implies that/(0 -» as t -» « . This completes the proof of 
Theorem 9. 



VI. FINAL REMARK 



Some of the results and techniques of this paper are useful in establish- 
ing sufficient conditions for the existence and uniqueness of solutions of 
functional equations of the type that we have considered. The reader 
familiar with the contraction-mapping fixed-point theorem has probably 
recognized this fact. 
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ERRATA 

On the Theory of Linear Multi-Loop Feedback Systems, I. W. Sand- 
berg, B.S.T J., 42, March, 1963, pp. 355-382. 

On page 361, the expression (2/i + ?/ 2 ), which appears twice, should 
be replaced in both positions with (?/i + j? 2 ), hi which # 2 denotes the value 
of ?/2 when y\ = 0. 

On page 377, the left side of the first equation of Section 9.4 should 
be det F 5l , not det F i . 



